This paper proposes an exact solution of the classical Graetz problem in terms of an infinite series represented by a nonlinear partial differential equation considering two space variables, two boundary conditions and one initial condition. The mathematical derivation is based on the method of separation of variables whose several stages were illustrated to reach the solution of the Graetz problem.
Introduction
The solutions of one or more partial differential equations (PDEs), which are subjected to relatively simple limits, can be tackled either by analytical or numerical approach. There are two common techniques available to solve PDEs analytically, namely the variable separation and combination of variables. The Graetz problem describes the temperature (or concentration) field in fully developed laminar flow in a circular tube where the wall temperature (or concentration) profile is a step-function [1] . Many dynamical phenomena in nature as well as in technological applications involve nonlinear behaviour as an essential ingredient. A dynamical system not only has a State Space but also is characterized by a law that describes how the system evolves with time [2] . Several models have been suggested for time series forecasting, that are generally divided to linear and nonlinear models [3] . The simple version of the Graetz problem was initially neglecting axial diffusion, considering simple wall heating conditions (isothermal and isoflux), using simple geometry cross-section (either parallel plates or circular channels), and also neglecting fluid flow heating effects, which can be generally denoted as Classical Graetz Problem [4] . Min et al. [5] presented an exact solution for a Graetz problem with axial diffusion and flow heating effects in a semi-infinite domain with a given inlet condition. Later, the Graetz series solution was further improved by Brown [6] . Ebadian and Zhang [7] analyzed the convective heat transfer properties of a hydrodynamically, fully developed viscous flow in a circular tube. Lahjomri and Oubarra [8] investigated a new method of analysis and improved solution for the extended Graetz problem of heat transfer in a conduit. An extensive list of contributions related to this problem may be found in the papers of Papoutsakis et al. [9] and Liou and Wang [10] . In addition, the analytical solution proposed efficiently resolves the singularity and this methodology allows extension to other problems such as the Hartmann flow [11] , conjugated problems [13] and other boundary conditions. Recently, Belhocine [13] developed a mathematical model to solve the classic problem of Graetz using two numerical approaches, the orthogonal collocation method and the method of Crank-Nicholson.
In this paper, the Graetz problem that consists of two differential partial equations will be solved using separation of variables method. The Kummer equation is employed to identify the confluent hypergeometric functions and its properties in order to determine the eigenvalues of the infinite series which appears in the proposed analytical solution.
Analytical Solution using Separation of Variables Method
In both qualitative and numerical methods, the dependence of solutions on the parameters plays an important role, and there are always more difficulties when there are more parameters. We describe a technique that changes variables so that the new variables are -dimensionless‖. This technique will lead to a simple form of the equation with fewer parameters. Let the Graetz problem is given by the following governing equation
where, Pe is the Peclet number, L is the tube length and R is the tube radius.With the following initial conditions:
Introducing dimensionless variables as demonstrated [14] as follows:
L z y (4) By substituting Eq. (4) into Eq. (3) then it becomes:
Notice that the term Based on Eqs. (2)- (7) , ones can write the following expressions;
Now, by replacing Eqs. (8)-(10) into Eq. (1), the governing equation becomes:
Eq. (4) will be reduced to:
The right term in Eq. (12) can be simplified as follows:
Finally, the equation that characterizes the Graetz problem can be written in the form of:
Now, using an energy balance method in the cylindrical coordinates, Eq. (14) can be decomposed into two ordinary differential equations. This is done by assuming constant physical properties of a fluid and neglecting axial conduction and in steady state. By imposing initial conditions as given below:
and dimensionless variables are defined by:
while the separation of variables method is given by
Finally, Eq. (14) can be expressed as follows:
 is a positive real number and represents the intrinsic value of the system.
The solution of Eq. (16) can be given as:
c is an arbitrary constant. In order to solve Eq. (17), transformations of dependent and independent variables need to be made by taking: 17) is now given by;
Eq. (19) is also called as confluent hypergeometric as cited in [15] and it is commonly known as Kummer equation.
Theorem of Fuchs
A homogeneous linear differential equation of the second order is given by
If P(Z) and Q(Z) admit a pole at point Z=Z 0 , it is possible to find a solution developed in the whole series provided that the limits on
The method of Frobenius seeks a solution in the form of where, λ is a coefficient to be determined whilst properties of the hypergeometric functions are defined by;
Using derivation against Z, the function is now become
From Eq. (23), ones will get;
Thus, the solution of Eq. (17) can be obtained by:
where n = 1, 2, 3 ... and eigenvalues n  are the roots of Eq. (26). Since the system is linear, the general solution can be determined using superposition approach: The integral in the denominator of Eq. (28) can be evaluated using numerical integration. For the Graetz problem, it is noticed that: , Eq. (29) and onwards can be given as; The outcomes of multiplication and integration process will produce the following: 
And the constants C n can be obtained by; 
Conclusion
In this paper, an exact solution of the Graetz problem is successfully obtained using the method of separation of variables. The hypergeometric functions are employed in order to determine the eigenvalues and constants, C n and later to a find solution for the Graetz problem. The mathematical method performed in this study can be applied to the prediction of the temperature distribution in steady state thermally laminar heat transfer based on the fully developed velocity for fluid flow through a circular tube. In future work extensions, we recommend performing the Graetz solution by separation of variables in a variety of ways of accommodating non-Newtonian flow, turbulent flow, and other geometries besides a circular tube. It will be also interesting to solve the equation of the Graetz problem using numerical methods such as finite difference or orthogonal collocation for comparison purposes with the proposed exact solution. These numerical works will be carried out and included in the upcoming papers.
